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Brooks-Jewett and Nikodym Convergence
Theorems for Orthoalgebras That Have the Weak
Subsequential Interpolation Property
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A weak form of o-orthocompleteness or o-orthosummability, referred to as the
Weak Subsequential Interpolation Property, is defined for orthoalgebras. It is
shown that the class of orthoalgebras that have this property properly contains
the class of o-orthoalgebras. The Brooks-Jewett theorem and the Nikodym
convergence theorem for semigroup-valued finitely additive and s-bounded
measures defined on an orthoalgebra satisfying the Weak Subsequential
Interpolation Property are proved.

1. INTRODUCTION

According to Gudder (1988), quantum mechanics is a probabilistic the-
ory, and a complete description of a quantum mechanical system is given by
a probability measure on its set of events. This set of events fails to form a
o-field (or a o-complete Boolean algebra), an algebraic structure that provides
a foundation for classical measure theory. It rather forms a a-complete ortho-
modular lattice, an algebraic structure less rich than a o-field. This has given
birth to the part on noncommutative measure theory that deals with the study
of measures and states on non-Boolean orthostructures such as orthomodular
lattices and posets (Birkhoff and von Neumann, 1936; Gleason, 1957; Mackey,
1963; Gudder, 1965, 1988; Greechie, 1971; Cook, 1978; D’ Andrea and De
Lucia, 1991; D’ Andrea et al., 1991; De Lucia and Morales, 1988; Riittimann
and Schindler, 1989; Navara and Riittimann, 1991). The nonexistence of a
tensor product for orthomodular lattices or posets has led to the study of
orthoalgebras, a more general orthostructure a large class of which admits a
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tensor product (Foulis et al., 1992; Foulis and Bennett, 1993). Orthoalgebras
(resp., o-orthoalgebras) are apparently the simplest and most natural ortho-
structures that can carry orthogonally additive (resp., o-additive) measures
and thus are basic for the developing field of noncommutative measure theory
(Riittimann, 1979, 1989; Dvuredenskij and Riefan, 1994; Habil, 1994a.b;
Younce, 1987).

In this paper, we introduce the Weak Subsequential Interpolation Prop-
erty and the Weak Subsequential Completeness Property for orthoalgebras.
Then we prove noncommutative versions of some important theorems from
classical measure theory; namely, we prove a Brooks—Jewett theorem (Brooks
and Jewett, 1970), a Nikodym convergence theorem (De Lucia and Morales,
1988; Diestel and Uhl, 1977), and a Cafiero uniform boundedness theorem
(Cafiero, 1952) for orthoalgebras that satisfy these properties. Commutative
versions of these selected theorems have been proven for o-complete Boolean
rings by Weber (1986), for Boolean rings that satisfy the Subsequential
Interpolation Property by De Lucia and Morales (1988), and for Boolean
algebras that satisfy the Subsequential Interpolation Property by Freniche
(1984); noncommutative versions have been proven for o-orthocomplete
orthomodular posets by Morales (1988) and for orthomodular lattices that
satisfy the Subsequential Interpolation Property by D’Andrea and De
Lucia (1991).

We show that the class of orthoalgebras having the Weak Subsequential
Interpolation (resp., Completeness) Property contains the class of orthomodu-
lar lattices having the Subsequential Interpolation (resp., Completeness) Prop-
erty as defined in D’Andrea and De Lucia (1991). Hence we obtain, as an
immediate consequence of the above-mentioned theorems, their counterparts,
which have been established by D’Andrea and De Lucia (1991), for such
orthomodular lattices. We also show that the class of orthoalgebras that
have the Weak Subsequential Interpolation Property contains the class of o-
orthoalgebras, and thereby get as an immediate consequence of the above-
mentioned theorems new versions for o-orthoalgebras. We finally prove a
Nikodym—Vitali-Hahn-Saks theorem (Cook, 1978; Dunford and Schwartz,
1957) for o-orthoalgebras.

Our presentation is modeled along the lines of that of D’Andrea and
De Lucia (1991). The proof of the Brooks—Jewett theorem is obtained by
reducing it to the commutative setting of studying functions on rings of sets,
and the proof of the Nikodym-Vitali-Hahn-Saks theorem is obtained by
reducing it to the commutative setting of studying functions on g-complete
Boolean algebras.

Throughout this paper, the symbols P(X), F(X), cF(X), and $(X) denote,
respectively, the collections of all subsets, all finite subsets, all cofinite
subsets, and all infinite subsets of a set X. The symbols R, Z, and ® denote,



Weak Subsequential Interpolation Property 467

respectively, the sets of all real numbers, all integers, and all nonnegative
integers. The notation := means “equals by definition.”

2. ORTHOALGEBRAS HAVING THE WEAK SUBSEQUENTIAL
INTERPOLATION PROPERTY

Definition 2.1. An orthoalgebra (OA) is a quadruple (L, D, 0, 1) where
L is a set containing two special elements 0, 1 and @ is a partially defined
binary operation on L that satisfies the following conditions Vp, ¢, r € L:

(OA1) (Commutarivity) If p © g is defined, then g © p is defined and
pBg=qDp.

(0OA2) (Associativity) 1f g @ ris defined and p D (g P r) is defined,
then p @ ¢ is defined, (p @ q) D r is defined, and p D (gD r) = (p D q)
@ r

(OA3) (Orthocomplementation) For every p € L there exists a unique
g € L such that p @ ¢ is defined and p © g = 1.

(OA4) (Consistency) I p @ p is defined, then p = 0.

We shall write L for the QA (L, ©, 0, 1). Let Lbe an OA and p, g €
L. We say p is orthogonal to g in L and we write p L g if and only if p @
g is defined in L. We define p =< ¢ to mean that there exists r € L such that
p L rand g = p @ r. The unique element g corresponding to p in condition
(OA3) above is called the orthocomplement of p and is written as p'. It can
be easily proved (Foulis ef al., 1992) thatp 1 g iff p =4’ that0 =p =1
holds for all p € L, that “<” as defined above is a partial ordering on L,
that (L, =, ', 0, 1) is an orthoposet, and that that for all p, g € L,

p=qg=>q9=pD(POqgY
the so-called orthomodular identity (OMI). For p, ¢ € L, p is called a

subelement of g iff p = q. If p is a subelement of g, then, by the OMI, g =
p D (p D q'). In this case we define the difference of g and p in L by

q-p=(pDgY
An orthomodular poset (OMP) is an orthoalgebra P that satisfies the follow-
ing condition:

ppgqel, plg = pvgexistsandpvg=pDg

where p v g denotes the least upper bound of { p, g} in L. A a-orthocomplete
OMP is an OMP P in which every countable subset of P has a least upper
bound. An orthomodular lattice (OML) is an OMP which is also a lattice.
A Boolean algebra is a distributive OML.

Let L be an OA. A subset A C L is called a suborthoalgebra (sub-OA)
if 0,1 € A,p’ € A whenever p € A, and p D g € A whenever p, g € A
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and p L g. A sub-OA of an OA is, of course, an OA in its own right. If A
is a sub-OA of L, then for p, ¢ € A the notation p V* g (resp., p A? q) stands
for the least upper bound (resp., the greatest lower bound) of {p, g} as
calculated in A.

Definition 2.2. Let L be an OA and A C L be a sub-OA. Then A is called:

(i) Asub-OMPifp,qg e A, p 1L g = pVv* q exists.

(i) A sub-OML if p, q € A = p V* g exists.

(iii) A Boolean subalgebra if it is a distributive sub-OML.

(iv) A block if it is a maximal Boolean subalgebra under set-theo-
retic inclusion.

A subset X of an OA L is called jointly orthogonal iff X is pairwise
orthogonal and is contained in a block B of L. In the sequel, we shall use
the notation

J(L) := {X C L: X is jointly orthogonal }

Definition 2.3. (i) An OML L is called a SIP-OML iff it satisfies the
Subsequential Interpolation Property: For every orthogonal sequence (a;);co
C L and for every N € $(w), there exist M € $(N) and b € L such that

a=b VieM, ag=b Vieo\M

L is called a SCP-OML iff it has the Subsequential Completeness Property:
For every orthogonal sequence (g;);c, C L there exists M € $(w) such that
\/iem a; €xists in L. If L is an OA and Q is a sub-OML of L, then Q is called
a SIP-sub-OML (resp., SCP-sub-OML) if Q considered as an OML is a SIP-
OML (resp., SCP-OML).

(ii)) An OA L is called a WSIP-OA (resp., WSCP-OA) iff it satisfies
the Weak Subsequential Interpolation (resp., Completeness) Property: For
every sequence (a,);c,, € J(L), there exist a subsequence (a;)ic., and a SIP-
sub-OML (resp., SCP-sub-OML) Q of L that contains (@; )i -

(iii) An OA L is called a o-orthoalgebra (Habil, 1994a) if for every
countable X e J(L) we have

BX:= v ©DF

Fe%(XC)
exists in L.

Remark 2.4. (1) Every SIP-OML is also a WSIP-OA, but not conversely.
For example, the OA of Example 2.13 of Foulis et al. (1992), usually referred
to as the Wright triangle, is a WSIP-OA that is not even an OMP.

(2) For an OA L, WSCP = WSIP, but not conversely, as Freniche’s
example (Freniche, 1984, Theorem 7) shows.
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(3) Every o-orthoalgebra is a WSCP-OA (and, hence, a WSIP-OA).
Indeed, this follows immediately from Theorem 3.11 of Habil (1994a) and
Definition 2.3. However, the converse need not be true. In fact, Example 3.19
of Habil (1994b) is an example of a WSCP-OA that is not a o-orthoalgebra.

(4) It is not true, in general, that every Boolean subalgebra of a SIP-
OML has SIP. For instance, the OML P(w) has SIP, while the Boolean
subalgebra B(w) that consists of all finite or cofinite subsets of w does not.

3. PRELIMINARY LEMMAS

Definition 3.1. Let (S, d) be a pseudometric space. A sequence (5;);c,
C S is said to converge to s in (S, d) and we write lim; .. 5; = s if, given
€ > 0, Jip = iy(d, €) € w such that Vi = iy we have d(s;, s) < €. An infinite
series 2. Sin (8)icw T S, is said to converge (or be summable) to s in
(S, d) and we write limg.g, Sier 5; = § (or simply Sice S = §) if the
sequence of partial sums (27¢ )., converges to s. This is equivalent to
the following: Given € > 0, dF, = F(d, €) € F(w) such that VF e F(w)
with Fy C F we have dC;cr s;, 5) < €. We call d semi-invariant if Vs, t, v
e S, we have d(s + v, t + v) =< d(s, ). Using the semi-invariance of d and
the triangle inequality, one can easily see that d satisfies the following
inequality Vs, t, v, w € S:

dis + t,v +w) = d(s, v) + d(t, w). 3.1

Definition 3.2. A quadruple (S, +, 0, U), where S is a set, + is a binary
operation on S, 0 is a distinguished element of S, and AU is a uniformity on
S, is said to be a uniform semigroup if the following axioms are satisfied:

(S1) The binary operation + is associative and commutative.
SH)Vxe S,x+0=ux
(S3) The function (x, y) » x + y: § X § — § is uniformly continuous.

It is well known (Page, 1978) that the uniformity U can be generated
by a set 9 of continuous pseudometrics d on S that are semi-invariant. A
sequence (s5;);c, C S converges to s in (S, D) if it converges to s in (S, d)
Vd € D. A series 3,;.,, 5; converges (or is summable) to s in (S, D) if it
converges to s in (S, d) Vd € 9.

Two typical examples of uniform semigroups are R and [0, ] under
the usual addition.

Definition 3.3. Let L be an orthoalgebra and let S be a Hausdorff uniform
semigroup. A function w: L — S is called additive if:

(i) w0) = 05

(ii) and w(P2, a;) = 22, p(a) for every finite jointly orthogonal subset
fazi=1,...,n} CL.
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Since any pair of orthogonal elements in L is jointly orthogonal, then,
as a consequence of (ii), we have:
@) abelLanda l b = pa®b) = wa) + nb).

We shall write a(L, S) for the set of all additive : L — S. A function
: L — S is called s-bounded if for every sequence (a;);c, € J(L) we have
lim p(a) = 0
i—
and p is called order continuous if for every decreasing sequence (a,);c,
C L such that /\;_, a; = 0 we have
lim p(a) =0
i—

Let sa(L, S) denote the set of all additive and s-bounded functions on
L with values in S. A nonempty subset M C sa(L, §) is called uniformly s-
bounded if for every sequence (a;);c, € J(L) we have

lim p(a;) = 0 uniformly in w € M

i—00
A nonempty subset M C sa(L, S) is called uniformly order continuous if for
every decreasing sequence (a);c, C L such that /\;_, a; = 0, we have

lim w(ag;) = 0 uniformly inp e M

j—0

Note that if L is an OMP and j.: L — S is a function, then our definitions
of additivity, s-boundedness, and order continuity of p coincide with the
corresponding definitions given in the literature (De Lucia and Morales,
1988). This follows from the facts [see Corollary 3.5 and Lemma 4.1 of
Habil (1994a)] that in an OMP every pairwise orthogonal (resp., decreasing)
sequence is jointly orthogonal (resp., jointly compatible).

Henceforth, we assume that L is a WSIP-orthoalgebra, S is a Hausdorff
uniform semigroup (HUS) with a fixed set B of continuous pseudometrics
that generate its uniformity, J(L) denotes the set of all jointly orthogonal
subsets of L, a(L, S) denotes the set of all additive functions on L with values
in S, and sa(L, S) denotes the set of all s-bounded members of a(L, S).

The following lemmas will lead to an important lemma which will be
a key to proving the Brooks—Jewett theorem.

Lemma 3.4. . e a(L, S) is s-bounded iff

for every jointly orthogonal sequence (a;);c, © L and
for every sub-OML Q 3 (g));c, We have (%)

lim p(a; A2 x) = 0 uniformly in x € Q
i—>e
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Proof. (&): Assume (*) holds. Let (@));c, € J(L) and let B be a block
containing {(a;);.,. Then, by (*),

lim w(a; A x) = 0 uniformly in x € B
i—®

Hence, since x = 1 € B, we get lim;_,. p(a;) = 0. Thus w is s-bounded.
(=>): Suppose that p. is s-bounded. Let (a,),c, € J(L) and let Q be a

sub-OML containing (@);c.» Let d € & and € > 0 be given. We need to
show that 3i = i(d, €) € w such that

dip(a, A%x),0)<e Vn=i & VxeQ

Assume that this is not the case. Since 0 € w, 3r(0) € w, n(0) > 0, and Tx,
e @ such that

d(W(@no) A2 %0), 0) = €
Since n(0) € o, we find (1) € ® with »(1) > n(0) and x, € Q such that
A,y A2 x1), 0) = €

Continuing in this way, we obtain an increasing sequence n(0) < n(1)
< ...in w, and a sequence (X o C @ such that

AWy N8 31, 0) = € Vk e w 3.2)
Set
Cp 1= Quy PN X (k € (.0)

Since (upiew © (@)icw and since (a);c,, is pairwise orthogonal, (@nu)kco
is pairwise orthogonal. Since subelements of orthogonal elements are orthogo-
nal, (e 18 pairwise orthogonal. also, ¢, € Q Vk; so, as Q is a sub-OML,
Corollary 3.5 of Habil (1994a) shows that (c )i, € J(Q). Since it is clear
that for any sub-OML Q of an OA L, J(Q) C J(L), (ciew € J(L). Thus, by
the s-boundedness of ., we get lim;_,., p(c,) = 0, which contradicts (3.2). =

Lemma 3.5. Let p € sa(L, S). If (@), € J(L) and if (@, )4ce C (@)ica
and Q, a sub-OML containing (a; )., are as provided by WSIP, then for
every neighborhood V of 0 in S and for every N € $(w), there exist M e
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$(N) and b € Q such that
a,<b VkeM, a,=<b Vkeo\M
and
wbaAlx)yeV VxeQ

Proof. Let V be a neighborhood of 0 in S and let (V); ., be a partition
of w by infinite sets. The hypothesis that Q is a SIP-sub-OML containing
(@i )rew shows that for every j € o, IM; € $(N)) and 3b; € Q such that

a,<b, VkeM, a,=<b Vkeo\M (1.

Let ¢y := by and ¢, 1= b, A2 (/\J,Q=k1_1 b)) for k € w\{0}. Evidently, the
sequence (Ckew C© O and is pairwise orthogonal; hence it is jointly orthogonal
since Q is a sub-OML. Thus, by Lemma 3.4,

lim p(c, A2x) = 0 uniformly inx € Q
k00
Hence 3k € o such that w(x A% ¢,)) € VVx e Q. By (1, ko), k € My =

a; = by, and, since My, N M; = O Vj # ko, k € My, = a;, < b; Vj #
ko. Therefore

a;, = by, A2 (/\J.Q:‘l’_l b) = ¢y, Vk e My,
Also, by (1, k),
ke o\M, = a,=bo=b VN2 b)=c
Thus the conclusion of the lemma is satisfied by b := cryand M := M. =

Corollary 3.6. Let {pq, ..., p,} be a subset of sa(L, S). If (a);c, €
J(L) and if (@;)tcw C (@)icw and Q, a sub-OML containing (a;)ic, are as
provided by WSIP, then for every neighborhood V of 0 in S and for every
N e $(w), there exist M € $(N) and b € Q such that

a,<b VkeM, a,<b" Vkeo\M

and

pibA2x) eV VxeQ & Vji=n

n+1 times

Proof. Let V be a neighborhood of 0 in S. Form 7= § X --- X §. Since
S is a HUS, so is 7. Note that the function p: L — T defined by
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() = (o(x), - - .y (X))

n+1 times

is additive and s-bounded, and V**D = V X --- X V is a neighborhood of
0in T So if (@) € J(L) and if (a;)4c,, and Q are as provided by WSIP,
then, by Lemma 3.5, VN € $(w) IM e $(N) and 3b € Q such that

a,<b VkeM, a,=b VkeowM
and
(b A x) € Vr+D Vx e Q

Upon recalling that (b A2 x) = (ue(b A2 X), ..., pa(b AC x)), we see that
this last inclusion means

pbAlx)eV VxeQ & Vi=n ®m

Lemma 3.7. Let M € $(w) and let (a));c, € J(L). If (@ )rcw C (@ico
and Q, a sub-OML containing (a; )y, are as provided by WSIP, then

G:={A e PM): by € Q with a;, = by Vk € A, a;, = by Vk € w\A}
is a Boolean subring of P(M) that has SCP, and {i} € ¥ Vi € M.

Proof. Let (@), € J(L), and let (a; )¢, and Q be as provided by WSIP.
Let 4 be as defined above. We proceed in steps.

Step 1. % is a subring of P(M).

To see this, let A;, A, € 4. We must show that A; U A,, ANA; € 4.
Indeed, we have A} U Ay, ANA;, € P(M) and 3by, b, € Q such that

a,=<b Vkel, a;, = b, Vk e o\j =12
This implies that 3b := b; v2 b, € Q such that
a, =b Vkeld UA, a, =b" Vk e o\(A UAy
Thus A; U A, € 4. Also, dp := b; A2 b} e O such that
a, =p Vk e A\A,, a, =p" Vk e o\(A)\Ay)

Thus A;\A; € % and § is a Boolean subring of P(M).

Step 2. G has SCP.

To see this, let (A,),., be a disjoint sequence in 9. Then, for every
rewm dab, e Q such that

a,=<b, Vkel, a, =b, Vk e o\A,
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Let ¢y := by and ¢, := b, A2 (/\,Q='fl bj) for r € w\{0}. Evidently, (c,),c, is
pairwise orthogonal and

a,<c, VkelA, & Vrieo 3.3)
Consider the countable pairwise orthogonal subset
K:={c:reow}U{ag; ke n\U,,A]
of Q. Since Q is a SIP-sub-OML, IN € $(w) and b € Q such that
¢, =b VreN, ¢, =b" Vr e ow\N, and
{aik <p Vk € o\U,., A, (3.4)
We claim that U,y A, & 4. To see this, notice that (3.4) implies

a,=b  Vke o\U., A, (3.4")

If kK € U, A,, then, as the A, are disjoint, there exists a unique g €
such that k € A,. Then, from (3.3), there exists a unique ¢ € ® such that

ke, and a;, =c, (3.5)
Now (3.4) and (3.5) imply that
a,=b if keld, with geN,
a,=Db if keld, with g e 0\N
that is,
a, <b VkeU,yA, a, =b" Vk e U, A,

and hence, by (3.4"), a;, = b’ Vk € o\U, .y A,. Thus U,y A, € 4, as desired.
Step 3. {k} € $Vk e M.
In fact, ky € M = {ko} € P(M) and, as (a;)x,, is pairwise orthogonal,
we have

a;, =<b:= iy, and a;, = a'{ko Vk € o\{ky}

Thus {ky} € $Vky e M. m

A HUS (8, D) is complete if, for every d € @, (S, d) forms a complete
pseudometric space.

Lemma 3.8. Let W € sa(L, S). If (a);ce, € J(L), then (35 p(@))rcs is
a Cauchy sequence in S. Hence if S is a complete HUS, then (u(ay));c,, is
summable in S.
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Proof. Let d € 9. We need to show that for every e > 0, kg = ky(€)
€ o such that

(s, 5;) < € Vm>j=k

where s, := 3%, w(a) Vk € o. Suppose, contrariwise, that this does not
hold. Then Je > 0 such that for each k € w, Jj(k), m(k) € » with m(k) >
J(k) > k and

A(Smeiys Sjry) > €

By the additivity of ., we have s, = sjpy + W(EB™R+1 ). Hence, by the
semi-invariance of d, we have

€ = d(sj-(k) + }L(@;'(ll(cf}i—l a,-), sj(k) + 0)
= du@ a),0)  Vke o

Thus we can successively choose ky < k; < ... in o and (j(kg), m(ko)),
(j(ky), m(ky)), . . . in ® X o with j(ky) < m(ky) < jlk;) <m(k)) <...suchthat
dW@=hn,a),00>e Vrew
Set ¢, := @ﬁ'ﬁf{,ﬁr)ﬂ a; (r € o). Evidently, (c,),., is pairwise orthogonal;
hence, the fact that (@);c,, € J(L) implies that (c¢,),-, € J(L) and therefore

the preceding inequalities imply that

d(p(c,), 0) > € Vrew
This contradicts the s-boundedness of . =

Lemma 3.9. Let S be a complete HUS, (x;);,, be a summable sequence
in §, and (I)¢cx be a partition of w such that (x;);c, is summable Vk € K.
Then (3, Xiek is summable and e x(Zicy %) = Zicw X

Proof. The proof is found in D’ Andrea and De Lucia (1991), (3.1). =

Lemma 3.10. Let S be a complete HUS and p e sa(L, S). For every
(@)icw € J(L), the function A: P(w) — S defined by

MA) = Zica la) A € P(w)]
is o-additive.
Proof. This follows immediately from Lemmas 3.8 and 3.9. =

Lemma 3.11. Let (S, p) be a complete pseudometric semigroup, () cw
; SG(L, S), and (ai)iem € J(L) If (aik)keu) g (ai)iem and Q Q (aik)kem are as
provided by WSIP, then there exist a decreasing sequence (M,);co, € $((iiew)
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and for every i € w an e; € Q such that:
(1, l) a;, = ¢ Vk e M,', a;, = e,f Vk e (.O\Ml
(2, l) Mi c M,-_l\{min Mi—l} (Wlth M_1 = (.l))
(3, 1) plppx A €), ) < /i + 1) Vp=iand Vx € Q.
4, i) e = e

Proof. Let (a;)ic € J(L) and let (@;);e,, and Q be as provided by WSIP.
We proceed by induction. Let N = (i);.,\{0}. By Lemma 3.5, 3M; € $(N)
and Jey € O such that

a, < ey Vi, e M, a, < ey Vip € (ireo\Mo
and
p(io(x A2 eg), 0) < 1 Vx e Q
Let n € w and suppose that ¢g, ¢y, . .., ¢, and My, M,, ..., M, have

been constructed so that they satisfy (1, i), (2, i), and (3, ) fori =0, 1, ...,
n. Set M := M,\{min M,}. By Corollary 3.6, IM,,; € $(M) and b € Q
such that

a,=b Viie My, ap=b" Vi€ (idreo\Mia

and

p(y(x A2 b), 0) < n_j-_?: VxieQ & Vp=n+1 (3.6

Set e,.1 := b A2 e,. Since, by (1, n), a;, < e, Vi, € M, and M,,,; C M,,, we have
a, =bn%e, = e, Vi, e M.,
and, since a;, = b’ Vi, € (i)rcw\Mpns1, We have
a,=b Vvee =(bnale) =e, Vip € (idkew \Masi
Therefore (1, n + 1) is satisfied. We also have M,,; C M,\{min M,}, so
(2, n + 1) is satisfied. Finally, it follows from (3.6) that

p(up(X/\Qen/\Qb),O)<;‘jj“2' VXEQ & vp5n+1

That is, (3, n + 1) holds and the induction is complete. =

Now we are ready to establish the key lemma that will be used in
proving the main result of this paper in the next section.

Lemma 3.12. Let (S, p) be a complete pseudometric semigroup and let
(”’n)new g sa(L, S) If (an)nsm € J(L) and (ank)kew C_: (an)nem and Q arc as
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provided by WSIP, then there exist a subsequence (a,,);cq Of (@n ke, and N
e $(w) such that:

(i) 9:={A e P(V):dby € Qwitha,, =byVie A a,=bVie
w\A} is a Boolean subring of P(N) with SCP (see Definition 2.3).

(i) {i} € 9 Vi e N.

(iti) For any n € o, the function A\,: ¢ — § given by

)\n(A) = 2‘fieA “‘n(am,')

is o-additive and s-bounded.

(iv) For any A € 4, 3ca € @ such that A\(A) = p,(ca) Vr € .

(v) For any disjoint sequence (A,),,, C %, there corresponds a sequence
(¢ € J(L) such that

NA) =ple)  Vnreo

Proof. Let (a,),c € J(L) and let (a,)ice, C (@))nc., and Q be as provided
by WSIP. Use Lemma 3.11 to pick a decreasing sequence (e);c, € Q and
a decreasing sequence (M));c, T $(mreo) that satisfy (1, i), (2, i), and

(3, D). Let m; := min M; Vi ‘e . Then (am)icw 1 a subsequence of
(@ )kew- Note that, for every i € o,
[am < e (by (1, D), am, < €/ (by (1,i + 1) and (2,7 + 1))]
implies that a,,, < e; A2 ¢/,,, and
fm, e Mi\uVp=i+1l,meo\M;Vp=i-—1
(since M, C M, Vp =i+ 1)]
implies that
A, = €41 Vp=i+1 3.7
and
A, = €] Vp=i—1 3.8)
Now (3.7) and (3.8) imply that a,, < ¢; v€ e;,; Vp € w\{i} and therefore

A, = €; N2 €]4, ap; = €] V2 ey View & Vje w\{i}

(3.9)
Note that, by (3.9),

K:={a, iecwlU({erlei Aa,:ic o)
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is a countable (pairwise) orthogonal subset of Q. So, as Q is an SIP-sub-
OML, there exist N € $(w) and a € Q such that

an; =a VieN, a,, =a Vie o\N, 310
einlely A2a, <a Vie o (3-10)

Let
G:= (A e P(N): 3by € Q with a,,, = by Vi € A, a,, =< b} Vi € w\A}

Then, by Lemma 3.7, % is a Boolean subring of %(N) that has SCP and {i}
e 9 Vi e N. Thus (i) and (ii) are proved.

To prove (iii), note first that, by Lemma 3.10, the function v,: P(w) —
S defined by

'Yn(A) = EieA p‘n(am,‘) (n € (1))

is o-additive. We claim that \,, := 'y,,|(g is s-bounded. To see this, let (A),ce
be a disjoint sequence in % and use the definition of % to pick a sequence
(b)rew C @ such that

an, = b, Viel, an, =b, Vieo\, & Vreow
Write
coi=by ¢ :=b AL NLB)  Vre w\{0}

Evidently, (c,),.. is pairwise orthogonal in (; hence it is jointly orthogonal
since @ is a sub-OML. Also,

A = €, VielA & Vieow 3.11)

Since each p, is s-bounded, Lemma 3.4 implies that if V is a (closed)
neighborhood of 0 in S, then dr; € w such that

wxAlc)eV Vrzry & VxeQ
Thus, for every r = ry, we have

)\n(Ar) = lim EiEF Mn(ami)

Fe%F(A,)
= lim p.n(EB,-ep ami)
Fe%Ap
Gl .
=7 hm (e, A2 (Ve a,) eV

FeFAp

which shows that \, is s-bounded. This proves the claim and, hence, (iit).
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To prove (iv), let A € 4. Then 3b, € Q such that
am; = by Vi e, am; = by Vie o\A (3.12)

We claim that \,(A) = p.(eq A2 a AC by) Vn e w. To see this, note first
that since e;,; < ¢; Vi € w, we have

-1
€ = (\/lQ:o (ei /\Q eiy+1)) v eq Vq € ®

where e_; := 0. By the OMI, (3.9) implies ¢; A2 e/+; = an, V2 ((e; A2
elv1) A2 a,,) Vi € w; s0 Vg e w, we have

-1 -1
€y = (\/;Q=q() V(ei AQ ei,+1 AQ ar’n,')) VQ (\/IQ;IO am,‘) VQ eq
= A, V¢ B,
where

-1
Aq = (\/,Q:o (e; N €i+1 N ar’n,-)) ve (\/,Qe[o g—1IN(e\A) ami)

,,,,,

.....

Now note that A, 1 a A2 by Vg € . In fact, this follows from:

(a) a,,, = by Vi € o\A implies that a,,, = a’ v€ by = (a A2 by)' for
everyi € {0,...,q — 1} N (0\A);

(b) and e; AC €[y A% a,,, = a' Vi € w [by (3.8)].

Note also that A, L B, Vg € . In fact, this follows from:
(c) \/,Q=q() (th N ez!+1 n¢ ar,ni) = /\,'QE[Q JNA ar,n,p e;’Vq € w;
(@) and \/Z (o o110 Gm = Nao...q-110a Gmp €4 VG € ©;

.....

which can be easily established using the facts that the set
{an; i€ 0} U {gAe A%a,: ic o)

is pairwise orthogonal and (e¢;);., is decreasing and by using (3.8). It follows
that A, L (a A9 by), B, Vg € w; so the Foulis—Holland theorem (Kalmbach,
1983) and the fact that orthogonal elements are disjoint imply that

anlbynle;=anlbyn?(A,veB,)
= (a A2 by A2 A)) V2 (a A2 by A2 B,)

= a A2 by A9 ((\/lQe[o g-11nA Gmy) ve e) Vg € w.

Moreover, ¢ := v?e{ow_,qﬁ”m a,,; is orthogonal to e, [by (3.8)] and, by (3.10)
and (3.12), we have

U, = a A2 by Vie{0,...,.g—=1}NA=c=anrlb,
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It follows that ¢C (a A2 by), e,; hence the Foulis—Holland theorem implies that

,,,,,

.....

,,,,,

Vg, n € w, we have
p‘n(a /\Q bA AQ eO) = Ei<q,ieA p"n(am,') + “‘n(a /\Q bA AQ eq) (313)

Now, given € > 0 and n € o, choose g, € w, go > n such that (see
the definition of v,)
1 € €
— <3 and p(2i<q,iEA Mn(ami)’ 'Yn(A)) <z V‘I = 90
qo 2 2
By (3, ¢) of Lemma 3.11, we have

1 €
n<qg = P(Pm(x/\Qeq),O)<5-;—l<§ Vxe Q0 & Vg=gq

In particular,
P(in(a A2 by A2 e)), 0) < ; Vn<q & VYq=gq
Thus, for every g = g,, we have

(i@ A2 by A2 €0), Yu(A)) = p(Zicqicn Mulam)
+ p‘n(a ~ bA A2 eq)7 'Yn(A))

(2) p(2i<q,ieA P*n(aml')’ Y(A))

+ plpa(a A2 by A2 e,), 0)
< €.

Since N, = v,|«, this proves the claim and, hence, (iv).
Finally, we prove (v). Let (A,),<,, be a disjoint sequence in 4. For each
r € w, 3b, := b, _such that

am; = b, Viel, Ay, = b, Vi e o\A, (3.14)

Set xo := by, x, := b, A2 (\Z[" b)) for r € w\{0}. Evidently, (x,),c,, is a
pairwise orthogonal subset of Q; and, for every r € w, we have



Weak Subsequential Interpolation Property 481

A, =x, Vk e, am, =%, Vk € 0\A,

This shows that we may assume that the sequence (b,),,, in (3.14) is pairwise
orthogonal and we now make this assumption. Now set ¢, := ¢y A a AC b,
(r € w). Then, since (b,),.,, is pairwise orthogonal, it follows that (¢,),c. i8
pairwise orthogonal in Q; hence it is jointly orthogonal since Q is a sub-
OML. Moreover, the second claim above implies that

MA) = pale)  Vmrew =

4. THE MAIN RESULTS

In this section, we shall state and prove the main results of this paper.
In the sequel, we shall see that many of the results of this section will be
immediate consequences of the following main result. Unless otherwise
stated, the symbol sa(L, S) continues to denote the set of all s-bounded and
additive functions defined on an OA L with values in a HUS S with a fixed
set ¥ of continuous pseudometrics.

Theorem 4.1 (Brooks—Jewett Theorem for WSIP-OAs). Let L be a WSIP-
OA and (Bpnee C sa(L, S). If

lim p (@) = wola) Vael
n—

Then {p,: n € w} is uniformly s-bounded.

Proof. Suppose the contrary. Then we may assume, by passing to a
subsequence if necessary, that 3d € &, Je > 0, and 3 a sequence (a));c, €
J(L) such that

d(p;(ap, 0) > € Vjeow 4.1)

Consider the following equivalence relation ~ on S: x ~ y iff d(x, y) = 0.
Then under addition modulo ~ the set § := S/~ of all equivalence classes
becomes a HUS, and d: § X § — R defined by

d((x), [yD) := d(x, y)

is a semi-invariant metric on §. Hence (S, d) is a metric semigroup. Let =
be the natural projection of S onto S. Clearly,  is continuous. Let (Sy, do)
be the completion of (S, d) and let u be the isometric imbedding of (S, d)
into (Sy, dy). Then 1 is continuous and

do(u([x]), WlyD) = d(ix], [y]) = d(x,y)  Vx,yeS )

Letv, ;= veomep, Vn € o Then the s-boundedness of each ., and the
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continuity of v o 71 imply that each v, is s-bounded. Thus (v,),., C sa(L,
So). Moreover,

lim v, (@) = 7(lim w,(a)) = 7 ° pola) = ve(a) Vael 4.2

n—

Let (@ hew & (@new and Q 2 (a,)kew be as provided by WSIP, and use
Lemma 3.12 to pick a subsequence (a,,)ic o Of (@ kce and N € $(w) such
that the following hold:

()% ={A e PWN):3by € Qwitha,, =byViela,=bVie
A} is a Boolean subring of %(N) with SCP.

(i) {i} e §Vie N.

(iii) The functions \,; § — S, given by

M(A) 1= 2ica vi(ay) (€ )
are o-additive and s-bounded.
(iv) VA € 4, dcp € Q such that N\, (A) = v, (ca) Vi € .
Now (4.2) and (iv) imply that
lim A, (A) = :1_{{10 V(Cca) = volca) = No(A) VA e %

n—®

Using the fact (De Lucia and Morales, 1988, Theorem 2.1) that in a Boolean
ring with SCP, the Brooks—Jewett theorem holds, we infer that {\,: n € )
is uniformly s-bounded. Hence, if (i);.., is a strictly increasing sequence in
M, then, by (i), ({ix})ico s a disjoint sequence in %4; so we have

lim A\,({§x}) = 0 uniformly inn € »
k—

Therefore, using (*), there exists kg € w such that
dp(an, ), 0) = do(vi(a, ), 0)
0 ko

= do(A\p({igy}), 0)
<e€ Vneow
This contradicts (4.1). =

The following result shows that if S in Theorem 4.1 is assumed to be
a Hausdorff topological Abelian group, then it is not necessary to hypothesize
the s-boundedness of o Some authors (Weber, 1986) refer to this type of
result as a Vitali-Hahn—Saks theorem.

Theorem 4.2 (Brooks—Jewett Theorem for WSIP-OAs: Group-Valued
Version). Let L be a WIPS-OA, S a Hausdorff topological Abelian group,

and (p“n)nem\[O} g Sa(L7 S) if
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lim w,(a) = pola) Ya € L

then po € sa(L, S) and {p,: n € w} is uniformly s-bounded.

Proof. Repeat the proof of Theorem 4.1 and use the fact (De Lucia and
Morales, 1988, Corollaries 2.2 and 2.3) that in a Boolean ring with SCP, the
group-valued version of the Brooks—Jewett theorem holds to get the desired
contradiction. =

The following result gives a necessary and a sufficient condition for a
sequence of s-bounded and finitely additive functions defined on a WSIP-
OA to be uniformly s-bounded.

Theorem 4.3 (Cafiero’s Theorem for WSIP-OAs). Let L be a WSIP-OA
and (W )pee C sa(L, S). Then {w,: n € w} is uniformly s-bounded if and
only if for every sequence (a;);c, € J(L) and for every neighborhood V of
0 in § there exist p, ¢ € o such that

Mia) eV Vn=zgq

Proof. (=»): This part is obvious from the definition of uniform s-bound-
edness.

(&): Suppose, contrariwise, that (j,) is not uniformly s-bounded. Then
we may assume, by passing to a subsequence if necessary, that there exist a
neighborhood U of 0 in S and a sequence (@;);c, € J(L) such that

pia) ¢ U Vieon 4.3)

We may assume that U is a d-neighborhood of 0 for some d € 9. Now to
get the desired contradiction to (4.3), one basically repeats the proof of
Theorem 4.1, and uses the fact that Cafiero’s theorem holds for Boolean
rings with SCP (Weber, 1986, Corollary 4.3 and §7). We omit the details. =

Theorem 4.4 (Nikodym’s Convergence Theorem for WSIP-OAs). Let L
be a WSIP-OA and (g, )peo C sa(L, S). If

lim p,.(a) exists in S and equals po(a) Va € L

n—®

and p, is order continuous for each n € w\{0}, then (w,),c,, is uniformly
order continuous.

Proof. By Theorem 4.1, (JL,),,e., is uniformly s-bounded. Suppose, con-
trariwise, that (M), ce 1$ not uniformly order continuous. Then, by definition
of uniform order continuity, we may assume, by passing to a subsequence
if necessary, that there exist d € 9, € > 0, and a decreasing sequence (@)«
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C L with A;., a; = 0 such that
d(pa), 0) = € View 4.4

Choose ky = 1. Since p, is order continuous, Jk; € w\{0} such that
€
d(“‘k()(ak])’ 0) < 5
Since p, is order continuous, 3k, € w\{0, 1, ..., k;} such that
€
d(p"kl(akz), O) < 5

Continuing inductively, we obtain a strictly increasing sequence (k;);c, Of
natural numbers such that

g (@y, ) O <> Vjew 4.5)

Since gy, , = ay Vj € o, the OMI implies that
ay; = Gy, D (ay,, © @)’ Vieow
Set
b = (ay.,, © a)’ View

We claim that (b));c,, is jointly orthogonal. To see this, let i, j € w, i #
j- We may assume that i < j. Theni + 1 = j and we have

= ry? "
bj = (aij 69 akj) = akj = Qv = Qv @ aki = bi

Thus (b));e,, is pairwise orthogonal. Since every chain in an OA is jointly
compatible (Habil, 1994q, Lemma 4.1), it follows that there exists a block
B of L such that (a);c, C B. Hence b; = (ay;,, © @) € B Vj € w and
therefore (b);c, € J(L). This proves the claim.

Since ay, = ay,, © b; Vj € w, the additivity of w,, implies that

Hi(ag) = pylag, ) + pg®B) View
so, by (3.2),
d(pifay). 0) = duig(B) + mifay, ), 0)
= d(pi(by), 0) + d(pufay,,), 0)
which, by the use of (4.4) and (4.5), implies that
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d(li'k,(b]), 0) = d(“‘kj(akj)’ 0) - d(l‘ij(akj+1)9 0)

€
=€ — = -

View

Nim

The last inequality shows that (j1,,), ., cannot be uniformly s-bounded, which
is a contradiction.

The next result shows that if S in Theorem 4.4 is assumed to be a
Hausdorff topological Abelian group, then it is not necessary to hypothesize
the s-boundedness of .

Corollary 4.5. Let L be a WSIP-OA, S a Hausdorff topological Abelian
group, and (pdn)new\(o[[?b g sa(L, S) If
lim w,(a) = pola) Va e L
n—ew
and ., is order continuous for each n € w\{0}, then (w,),c, is uniformly
order continuous.

Proof. By Theorem 4.2, py € sa(L, S). Thus (W,),co © sa(L, S) and
therefore (W,),c. is uniformly order continuous by Theorem 4.4. =m

Remark 4.6. Note that Theorems 4.14.4 and Corollary 4.5 are also
valid for WSCP-OAs since every WSCP-OA is also a WSIP-OA and they
are also valid for SIP-OMLs (and, hence, for SCP-OMLs) since every SIP-
OML is a WSIP-OA. Note further that these results are valid for o-orthoalge-
bras since, by part 3 of Remark 2.4, every o-orthoalgebra is a WSCP-OA.
Thus Theorem 4.1 contains the resuits (5.1) and (6.1) of D’ Andrea and De
Lucia (1991) and the main theorem of Morales (1988) and Theorem 4.4
contains the corollary to the main theorem of Morales (1988).

The remaining part of this section is devoted to proving a Nikodym-
Vitali-Hahn-Saks theorem for o-additive functions defined on a o-orthoalge-
bras. we start with the following definition.

Definition 4.7. Let L be a o-orthoalgebra and § a HUS. A function p.:
L — S is called countably additive (or o-additive) iff for every (a)ic, €
J(L), the infinite series

WD a) = i, wla)

converges in S. Note that every countably additive w: L — S is, in particular,
finitely additive and s-bounded whenever S is a group. In fact, let (a);c,, €
J(L), d € B, and € > 0 be given. By the countable additivity of w, 3k, e
w such that Vk = k;, we have

d(E{F:O M(ai), M(l@ ai)) < %
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Since S is a group, d is invariant. So this and the triangle inequality imply
that Vk > kp, we have

d(p(a), 0) = d(play) + 20 war), Zg wa)
= d(Zfeo (@), 24 w(a))
= d(Zko @), WO a)) + iz wa), w(® a))
< e
Thus w is s-bounded.

From now on the symbol ca(L, S) will denote the set of all countably
additive functions defined on a o-orthoalgebra L with values in a HUS §.

The following useful lemma is a generalization of Lemma 2.2, which
appears in D’ Andrea and De Lucia (1991) without proof, for orthoalgebras.

Lemma 4.8. Let L be a c-orthoalgebra and (), © ca(L, S) be
uniformly s-bounded. If (a));.,, € J(L), then (,(a;)); ., is summable uniformly
inn e o

Proof. We need to show that for every d € & and every € > 0, 3F* =
F*(d, €) such that

dicr K@), Pon(Dicw a) < €
VFe F(w) with FOF* and Vnew

Suppose that this is false. Then 3d € % and Je > 0 such that for every F
e F(w), IK(F) € F(w) with K(F) D F and

sup dCic ki Monl@D), Pn(Bice @) > €

new

By the finite additivity of each p., and by the generalized associativity of &
(Habil, 1994a, Theorem 3.16), we have

Wn(®ico @) = Wil @icxim a) + Wn(Dicorkmas)
So, by the semi-invariance of d, we obtain
€ < sup dickm Pn@) + 0, P ®Bickn@) + L Dicorkm@)

= sup d(0, wu(Dicorkma)

Thus for each F € %(w) we may (and do) choose an n = n{F) € o such that
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AW (Dicorkma), 0) > € (*)
Note that the countable additivity of each ., implies that there exists H(F)
e F(w\K(F)) such that

€
AW Pic @), P @icokima)) < 5

So the triangle inequality and (*) yield that VF e %(w), we have
AW Picrma), 0) = d(nir(Bicwrkmad), 0)
- d(p'n(l")(@ieH(F)ai)a Mn(n(@iem\K(F)ai)

2 2

Thus we can successively choose sets Fy, F|, Fs, . . . in #(w) and correspond-
ing triples (K(Fy), H(Fy), n(Fy)), (K(Fy), H(F\), n(F1)), (K(F3), H(F»), n(F)),
... such that

nF) e w Vieo
F; C K(F) € F(w) View
H(Fy) € F(o\K(Fy)), H(F) € F(o\(K(F) U Uiz} H(F))) Vi=1

and
: . |
AWy Dicmpas), 0) > 2 View

Now forj=10,1,2,...,setc;:= GB,-Ey(pj)ai. Since (a);e, € J(L) and
(H(F}))jew C F(w) is disjoint, we see that (c);c, € J(L) and that Vj € w,

€
d(niep(c), 0) > 5
This contradicts the uniform s-boundedness of (J, ) cer W

Definition 4.9. A subset M C ca(L, S) is called uniformly countably
additive iff for every (a));c, € J(L), we have

MBico @) = Zicw Ma) uniformly in p € M

Now, we are ready to state and prove a Nikodym-—Vitali-Hahn—Saks
theorem for o-orthoalgebras.
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Theorem 4.10 (Nikodym—Vitali—-Hahn-Saks Theorem for o-Orthoalge-
bras). Let L be a g-orthoalgebra and let S be a Hausdorft topological Abelian
group. If (Wnewrio) € ca(L, S) is such that

lim p,(a) = pola) Va e L

then py € ca(L, S) and (p,)nc. 18 uniformly countably additive.

Proof. Let (1,),cw0\i0; be as above. Since § is a group, the remark that
follows Definition 4.7 shows that ca(L, §) C sa(L, S). Let (a));c, € J(L).
Since L is a g-orthoalgebra, we may write X := {q: i € o} U {(B;., a)'}.
Then, by Lemma 3.8 of Habil (1994a), @ X = 1. Hence, by Theorem 3.11
of Habil (19944), B := {DT: T C X} is a complete Boolean subalgebra of
L containing X. We now have (;.L,,] Bnewvioy © sa(B, S) and lim,_,. p,(b) =
Lo(b) Vb & B. So, by the Brooks-Jewett theorem for o-orthoalgebras (see
Theorem 4.2 and Remark 4.6), (p,,] B)new 1S uniformly s-bounded. As (@);cq,
e J(B), it follows that

lim p,(a;) = 0 uniformly inn € @
i—00
This proves that (W,),<. is uniformly s-bounded. Now, by Lemma 4.8, we
infer that (), cw\(0; is uniformly countably additive.
It remains to show that wg € ca{l, S). Let (¢));c, € J(L), d € B, and
€ > 0 be given. By the uniform countable additivity of (n)scw\0), IFo €
%(w) such that VF € F(w) with Fy, C F and Vn € w\{0}, we have

d(p‘n(®iemai)a 2ieF“‘n(ai)) <e (*)

Hence, by continuity of d and of addition in S, we have VF e %(w) with
F 0 C F that

d(}LO(@iewai)v 2ieFP»o(ai)) = d(li_l;lc}o P‘n(®iemai)’ EiEF li_r)g Mnla;))
= d(hm Hn(eaiemai)’ lim 2ieF"J"n(ai))
= hm d(p‘n(eaiemai)’ 2ieI"' p‘n(ai))

n—yw

(*)
=€

Therefore py € ca(L, S). m

Remark 4.11. If P is an orthomodular poset, then it is not difficult to
show (Habil, 1994a, Lemma 4.6) that P is o-orthocomplete iff P is a
o-orthoalgebra. In this case,
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Bico & = Vieo G for all pairwise orthogonal (@;);c, C P

Therefore, our definitions of countable additivity and uniform countable
additivity coincide with the ones that are given in the literature (D’ Andrea
and De Lucia, 1991; Cook, 1978). Furthermore, since every ¢-orthocomplete
orthomodular poset is a o-orthoalgebra, we conclude that Theorem 4.10
contains Proposition 6.4 of D’ Andrea and De Lucia (1991) and Theorem 4
of Cook (1978) in the special case when the g-orthoalgebra L is assumed to
be a o-orthocomplete orthomodular poset.

We conclude this section by giving an example which shows that there
is no Nikodym boundedness theorem for g-orthoalgebras (or even complete
orthomodular lattices). Indeed, the next example provides a complete ortho-
modular lattice, a Hausdorff uniform topological group S, and an M C
sa(L, S) such that M(a) = {(a): p € M} is bounded in S [see Weber (1986)
for the definition] for every a e L, and yet M(L) := {p(a): p € M, a € L}
is not bounded in S.

Example 4.12. Let B be the Boolean algebra of all finite or cofinite
subsets of N, and for every n € N define 3,: B > R by

1 if neEeFN)
8"(5)‘{0 if n¢kEe%FN)

and
S(E) = —3,(N\E) if EecFlw)

Clearly, (8,),.n is a sequence of bounded, countably additive measures on
B. Let L := OB, the horizontal sum of B;, i € N, where each B; is an
isomorphic copy of B [see Kalmbach (1983) for the definition of horizontal
sum]. It is not difficult to check that L is a complete lattice. For each j e
N, define functions p’: B; — R by

u’i=i8j VieN

Then, for each n € N, define v,: L — R by
Vi(E) = pi(E) if EeB

Clearly, (v,),n is a sequence of additive and bounded functions on L. More-
over, it is not difficult to see that:

(l) Iimn(supEelen(E)D = oo,

(ii) For every disjoint sequence (E,,),,cN in L, there exists { €  such
that (E,),en C B; and

sup{|v(E)|:n,m e N} =i <o
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Let0,1 # E € L. Then E € B, for some i « N; and, hence, using (ii),
we obtain

sup{|va(E)|:n e N} =i < oo

Thus, (v,),n 18 pointwise bounded on L. However, (i) shows that (v,), .~
is not uniformly bounded on L. We conclude that there is no Nikodym
boundedness theorem for orthomodular lattices even under the assumption
of completeness.
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